ABSTRACT. Given a pair of number fields with isomorphic rings of adeles, we construct bijections between objects associated to the pair. For instance we construct an isomorphism of Brauer groups that commutes with restriction. We additionally construct bijections between central simple algebras, maximal orders, various Galois cohomology sets, and commensurability classes of arithmetic lattices in simple, inner algebraic groups. We show that under certain conditions, lattices corresponding to one another under our bijections have the same covolume and pro-congruence completion. We also make effective a finiteness result of Prasad and Rapinchuk.
INTRODUCTION
Given a number field K, we denote the Brauer group of K by Br(K). In [19] (see also [16] ), it was shown that these fibers determine the algebra in certain situations. As in [20] however, there are situations when these fibers fail to determine the algebra. In particular, when a natural isomorphism between Brauer groups exists, the pair [A], Φ Br ([A]) provide examples for any [A] ∈ Br(K).
To construct natural isomorphisms we will make use of what we call locally equivalent number fields. For a number field K, denote by V K the set of places of K and by A K the ring of K-adeles. We say that K and K ′ are locally equivalent if there exists a bijection Φ V :
for all v ∈ V K . By work of Iwasawa [12] , this condition is equivalent to the condition that the two fields have isomorphic rings of adeles. We will refer to the pair K, K ′ as a locally equivalent pair when K, K ′ are locally equivalent number fields. We note that it is known that arbitrarily large families of pairwise locally equivalent, non-isomorphic number fields exist (see [14] ). Locally equivalent fields or variants have recently been employed by Aka [1] and D. Prasad [27] . Aka used them to produce examples of incommensurable arithmetic lattices with the same profinite completions. D. Prasad used a refinement of arithmetic equivalence to produce Riemann surfaces with the same Jacobians viewed as complex abelian varieties.
A natural isomorphism between Brauer groups induces a bijection between algebras in each Morita class. In order to pass to finer structures like lattices, we require a refinement of Theorem 1.1. For a central simple algebra A over K, we denote by Ord(A, K) the set of O K -orders of A having full rank. Our next result exhibits a close relationship between the set of orders of A and of Φ Br (A); we refer the reader to Subsection 2.3 for the definition of the level ideal.
Theorem 1.2. If K, K ′ are a locally equivalent pair, then there exists a bijection
Φ Ord : Ord(A, K) −→ Ord(Φ Br (A), K ′ )
Effective result of Prasad and Rapinchuk.
Our proof of Corollary 1.3 will require us to examine a special case of Prasad's volume formula pertaining to central simple algebras (see Proposition 3.2 below). Our next result is a further application of this formula and concerns a problem arising in spectral geometry.
Given a semisimple Lie group G and a maximal compact subgroup K, we have an associated symmetric space X G = G/K. Any lattice Γ in G will give rise to a locally symmetric orbifold M = Γ \ X G . The geodesic length spectrum L (M) of M is the set of lengths of closed geodesics counted with multiplicity while the geodesic length set L(M) is the set of lengths without multiplicity. We say two manifolds M, N are geodesic length isospectral if L (M) = L (N). We say two manifolds M, N are length commensurable if QL(M) = QL(N). Reid [31] proved that if M, N are finite volume hyperbolic 2-manifolds such that M is arithmetic and M, N are length commensurable, then M, N are commensurable. In particular, N must also be arithmetic. The result was extended to hyperbolic 3-manifolds by Chinburg-Hamilton-Long-Reid [9] . However, even before [9] , it was known that length commensurability does not imply commensurability in general. Lubotzky-Samuel-Vishne [17] produced examples of incommensurable arithmetic lattices in SL(n, R), SL(n, C) for all n > 2 that are length isospectral. Prasad-Rapinchuk [29] generalized these works addressing precisely when the above commensurability rigidity holds; the most general versions rely on Schanuel's conjecture in transcendental number theory. They proved that for a fixed manifold M of the above type, there are only finitely many commensurability classes of manifolds that can be length commensurable to M. Our next result provides an explicit upper bound for the number of classes as a function of only the volume of the manifold M. The class of manifolds M are those arising from groups of the form SL 1 (D), where D is a division algebra defined over a number field. 
. Specifically, the Laplace-Beltrami spectrum determines L(M). From Theorem 1.6, we obtain the following corollary.
and V = Vol(M), then the number of pairwise non-commensurable manifolds that are isospectral with M is bounded above by 1 + 10 33 V .
Galois cohomology sets and maximal lattices.
Returning to locally equivalent correspondences, the above correspondences between Brauer groups and maximal arithmetic lattices have extensions to other classes of arithmetic lattices and manifolds. The role of the Brauer group is played by Galois cohomology sets that parameterize commensurability classes of arithmetic manifolds. In fact, the Brauer group parameterizes inner forms of type A n−1 via its subgroup of n-torsion Br n (K). For locally equivalent fields, we show these natural bijections also hold for Galois cohomology sets associated to absolutely almost simple, inner forms of split algebraic group. 
As a consequence, the above theorem additionally holds for any absolutely almost simple groups which are inner forms of a given split group. This is because their Galois cohomology sets are in natural bijection with those of Theorem 1.8. As with the special case of Brauer groups, we also have bijections between maximal lattices in the commensurability classes. Under the bijections given by Theorem 1.9, the associated pair of maximal lattices have the same procongruence completion. When the lattices also have the congruence subgroup property, one obtains nonisomorphic lattices with isomorphic profinite completions. These examples are not new as they appeared in [1] . The volume is not a purely local invariant and volumes of associated manifolds under our bijection do not always agree; see the example at the end of Section 3. However, under our bijection, there are many cases when it does (e.g. Corollary 1.3).
LOCAL EQUIVALENCE AND BRAUER GROUPS
In this section, we work out the details of Theorem 1.1 and the various refinements given in the introduction.
2.1. Brauer groups. We begin by recalling some basic properties of the Brauer groups associated to local and global fields. We refer the reader to [25, 30] 
Of course one knows the if K and K ′ have the same number of real place then their Brauer groups are isomorphic, however the latter condition does not follow in general. We briefly remark that our construction of such an isomorphism depends on the choice of Φ V .
Proof of Theorem 1.1. As every Morita equivalence class in Br(K) is represented by a unique division algebra, it suffices to define Φ Br on the level of division algebras. To that end, we will make extensive use of the bijection
Recall that under this bijection we have
. It follows by (3) that there exists a unique division algebra A ′ = Φ Br (A) with these Hasse invariants. We additionally have an inverse process for producing a map Φ
−1
Br : Br(K ′ ) → Br(K) given by the Hasse invariant equations (5) Inv
Br (Φ Br (A))) = Inv v (A), and hence by (3), Φ Br is a bijection. To see that Φ Br is a group homomorphism, simply note that
. It remains to show that the isomorphism Φ Br is natural. We first check that
Via the Hasse invariant equations (4), (5), we have
, which follows from the local equivalence of K, K ′ and basic properties of Hasse invariants. In total, we see that (6) holds. The verification of Φ −1
As in the first part, it suffices by (3) to verify
As in the first case, (7) follows from from the local equivalence of K, K ′ in combination with basic properties of Hasse invariants and equations (4), (5) . The verification of
Br is identical.
Proof of Theorem 1.2.
We denote the extension of Φ V to a bijection between fractional ideals by Φ FI . Following [30, p. 49] , if X is a finitely generated O K -module, we define the order ideal, denoted ord(X), by the convention: 
are conjugate, we may assume without loss of generality that
. We now define the map Φ Ord . For an arbitrary O K -order R of A, we define Φ Ord (R) to be the unique O K ′ -order of Φ Br (A) whose completions satisfy the equation
for each place v in V K . That such an order Φ Ord (R) exists follows from the local-to-global correspondence for orders (see [30, Thm 4.22] for instance). Indeed, it suffices to show that there is an
, it is clear that O ′ has the required property. We now show that Φ Ord is surjective, as the injectivity of Φ Ord is clear. To that end, let R ′ ∈ Ord(Φ Br (A), K ′ ) and {v 1 , . . . , v n } be the set of places of
. Also, set R to be the
. As before, the existence of R follows from the local-to-global correspondence. Moreover, by construction, Φ Ord (R) = R ′ , thus establishing the surjectivity of Φ Ord . To see that the level ideal of Φ Ord (R) is equal to Φ FI (L R ), we simply need to combine a few facts. First, Φ Ord (R) was defined to have completions everywhere isomorphic to those of R. Second, the completion of an order ideal of an O K -module is equal to the order ideal of the completion of the module [30, Thm 4.20] . In tandem, we obtain the claim on level ideals.
The following is immediate from Theorem 1.2 and the definition of the level ideal applied to maximal orders.
is also a maximal order in Φ Br (A).
Arithmetic lattices.
We refer the reader to [36] for a general introduction to arithmetic lattices in semisimple Lie groups.
Given a central simple algebra A over K, by the Wedderburn Structure Theorem, A ∼ = Mat(r, D), where D is a central simple division algebra. Let v 1,R , . . . , v r 1 ,R be the real places of K and v 1,C , . . . , v r 2 ,C be the complex places of K, where the latter are taken up to complex conjugation. For each complex place,
where d is the degree of D over K while at each real place, we have
The group of norm one elements A 1 of A embeds into either SL(rd, C), SL(rd, R), or SL(rd/2, H). Given an order O in A, the group of norm one elements O 1 embeds into these Lie groups as well. Moreover, by Borel-Harish-Chandra [4] , the image of O 1 is an arithmetic lattice in the product
Typically, one removes compact factors in the product as the image of O 1 is also a lattice in the product of all the non-compact groups. The groups SL(rd, R) and SL(rd, C) are non-compact provided rd > 1. The groups SL(rd/2, H) are non-compact provided r > 1 or d > 2, and so compact only when rd/2 = 1. Additionally, for geometric connections, one typically works with lattices in the adjoint form of (9); we will work with lattices in A * /K * below as a result.
2.5. Bijections between maximal arithmetic lattices. We restrict our attention to the case in which A is a quaternion algebra and extend the bijection of Theorem 1.2 to a bijection between the maximal arithmetic subgroups of A * /K * and those of Φ Br (A) * /K ′ * . Although this bijection may be obtained by associating to the normalizer N(E ) of an Eichler order E in A, the normalizer N(Φ Ord (E )) of the corresponding Eichler order Φ Ord (E ) in Φ Br (A) (see [18, Ch 11.4] for this characterization of maximal arithmetic subgroups of A * /K * ), it is more natural to work within the context of Bruhat-Tits theory.
We begin by briefly recalling the construction of maximal arithmetic subgroups of quaternion algebras. Our treatment follows that of Borel [3] , though we will use the somewhat less burdensome notation employed by Chinburg and Friedman [8, p. 41] . The Bruhat-Tits tree for SL (2, k) , where k is a non-archimedean local field with ring of integers O k and uniformizer π k , is given as follows. Given two maximal orders R 1 and R 2 of the split quaternion algebra Mat(2, k), we define the distance d(R 1 , R 2 ) to be the non-negative integer n such that as
The vertices of the Bruhat-Tits tree T k for SL(2, k) are the distinct maximal orders of Mat(2, k). Two vertices are connected by an undirected edge if the distance between the associated maximal orders is one. We represent edges in the tree T k by {E v , E v }. The group A * /K * acts on T K v via the conjugation action of A * on the set of maximal orders of A v = A ⊗ K K v . Let S be a finite set of finite places of K which are disjoint from Ram f (A). For a maximal order R of A, we define
Borel [3] has shown that every maximal arithmetic subgroup of A * /K * arises in this manner. Denote by MaxArith(A, K) the set of maximal arithmetic subgroups of A * /K * .
Proposition 2.2. The bijection Φ Ord extends to a bijection between
Proof. Our bijection between MaxArith(A, K) and MaxArith(Φ Br (A), K ′ ) is the obvious one. Using Φ V , there is a distance preserving isomorphism between the trees
for all v not lying in Ram f (A).
3. VOLUME OF THE ASSOCIATED ORBIFOLDS
In this section, we show that our bijection Φ Ord extended to arithmetic lattices derived from maximal orders also preserves covolume. The main tool is a special case of Prasad's volume formula [28] that we work out explicitly.
3.1. Prasad's volume formula. We refer the reader to [28] for a thorough treatment of this material. We have also borrowed the notation used in [28] for referencing ease. Let G be an absolutely quasi-simple, simply connected algebraic group defined over a number field K and G be an absolutely quasi-simple, simply connected algebraic group which is also quasi-split over K. For a place v ∈ V K f let q v denote the size of the residue field F v , let S be a finite set of places containing V K ∞ , and let r v be the k unr v -rank of G where k unr v denotes the maximal unramified extension of k v . We fix a coherent system of parahorics in G by which we mean a collection of parahorics
open subgroup of the adelic points G(A K ) (for the definition of parahoric, see [35] ). Given this coherent system of parahorics, for each v ∈ V K f , Bruhat-Tits theory associates a smooth, affine group scheme 
where | − | v denotes the valuation given by v, E is given by
and with the notations 
Here we use the conventions that d v is the order of the local invariant
Proof. Our interest is in algebraic groups of type 1 A nd−1 . Namely let G be the K-defined algebraic group with group of E-points given by 
. Let Q denote the set of non-archimedean places for which SL n (D) does
and yields the following elementary manipulation
For convenience sake we write
and in the future refer to each λ v as a lambda factor. Since G = SL nd , we see that M v = SL nd (F q v ) and via [23, Table 1 ] we compute 
One can compute that
which comes from the fact that F 
The latter isomorphism is well-known ([26, 1.4] for instance). Combining [23, Table 1 ]
and Lang's isogeny theorem ([26, p. 290]), yields
Hence dim M v = n 2 v d v − 1 from which the lambda factors can be computed as
Here we are repeatedly using that n v d v = nd. This completes the proof in the case of n v ≥ 2. 
We now return to the setting of locally equivalent number fields. As before, let K, K ′ be a locally equivalent pair, D a division algebra over K, and R a maximal order of D. Let D ′ , R ′ be the associated division algebra and maximal order, respectively, over K ′ under the correspondences from Theorem 1.1 and Theorem 1.2.
, and Λ ′ = SL n (R ′ ), then the volumes of the associated quotients are the same, namely µ(
Indeed these quantities are completely controlled by the local behavior of the number field, division algebra, and maximal order. Additionally, we know that locally equivalent fields share the same discriminant, zeta function, and degree so the result follows. Corollary 3.3 extends to any order given by Theorem 1.2 as well. 
Proof. This follows immediately from Corollary 3.3, as the proof of Theorem 1.2 makes it clear that the index of T in R coincides with the index of T ′ in a maximal order R ′ of D ′ .
We conclude this section with an example showing that our bijection between maximal arithmetic lattices (Proposition 2.2) does not always preserve covolumes. In essence this is due to the fact that there exist locally equivalent number fields with different class numbers (cf [10] ).
It was shown by de Smit and Perlis [10] that these two number fields have isomorphic adele rings and different class numbers. Indeed, using Magma [6] it is easy to compute that the class number of K 1 is 2 13 and the class number of K 2 is 2 14 . Because K 1 and K 2 have isomorphic adele rings, their Dedekind zeta functions are equal [14] . It is well known that the signature of a number field is determined by the Dedekind zeta function. In this case we see that both K 1 and K 2 have signature (2, 3). For i = 1, 2 let B i be the unique quaternion division algebra over K i which is unramified at all finite primes of K i . It is clear that B 1 and B 2 correspond to one another via the isomorphism in Theorem 1.1. Let O 1 be a maximal order of B 1 and O 2 be the corresponding (via Theorem 1.2) maximal order of B 2 . Let Γ 1 (respectively Γ 2 ) denote the image in PSL(2, C) 3 [3] has shown that these are both maximal arithmetic subgroups of PSL(2, C) 3 . The covolumes of these groups are most easily computed using Chinburg and Friedman's [7, Prop 2.1] simplification of Borel's volume formula: 
GREATEST COMMON DIVISORS AND RIGIDITY
We now exhibit a few rigidity results regarding natural isomorphisms of Brauer groups. The first rigidity result which we will prove is Theorem 1.4 from the introduction.
Proof of Theorem 1.4. Recall that K, K
′ are locally GCD equivalent if for every rational prime p which is unramified in K/Q and K ′ /Q we have
Proof of Theorem 1.4. We proceed via contradiction assuming K, K ′ are not locally GCD equivalent. In that case, there is a prime p 1 ∈ Z which is unramified in K/Q and K ′ /Q such that
.
Without loss of generality we may assume that g
. . , p g p 1 be distinct rational primes which all have the same GCD of local degrees (relative to the extension K/Q) as p 1 . Set B to be the degree g p 1 division algebra defined over Q whose local invariants are 1 g p 1 at p 1 , p 2 , . . . , p g p 1 and which is split at all other rational primes. Notice that if v is a place of K which lies above p i then
By (3), we see that
and by (3), we see that
we contradict the naturality of Φ Br . Proof. Given a rational prime p which is unramified in K ′ /Q and splits completely in K/Q, we have f (v/p) = 1 for all places v lying over p. As K, K ′ are locally GCD equivalent, we see that where v 1 , . . . , v g ′ are the distinct places of K ′ lying over p. Thus p splits completely in K ′ /Q, and so all but finitely many primes of Q which split completely in K/Q also split completely in K ′ /Q. The proof is finished with a standard consequence of the Chebotarev density theorem (cf. [15, Thm 9, p. 168]).
Our final result of this subsection is the following rigidity result. Proof. By hypothesis there exists a subfield F ⊂ K ∩ K ′ such that Res
(B) = / 0. We assume F = Q for simplicity as the general case can be argued identically. To prove that K = K ′ , we will show that rational primes have the same splitting behavior over K, K ′ using central simple algebras. From K = K ′ , it is a simple matter to deduce B = B ′ . We now commence with the proof.
, we select a rational prime p 0 that is unramified in both K/Q and K ′ /Q, does not lie below a place of K or K ′ which ramifies in B or B ′ , does not ramify in B, and does not split completely in K/Q. As p 0 neither ramifies nor splits completely in K/Q, every place v of K lying above p 0 has inertial degree f for some f > 1. If g is the number of places of K lying above p 0 , then f g = [K : Q]. We now select f − 1 additional primes p 1 , . . . , p f −1 under identical constraints. We note that the existence of these primes follows from the Chebotarev density theorem. By (3), there exists a division algebra B 0 over Q whose local invariants coincide with those of B at the primes of Z which ramify in B and which has local invariant 1 f at the primes p 0 , . . . , p f −1 . If v is a place of K which lies above one of the p i , then Inv v (B 0 ⊗ Q K) = 1. It follows that B 0 ⊗ Q K = B, and so by hypothesis, we must also have B 0 ⊗ Q K ′ = B ′ . We assert that p 0 does not split completely over K ′ . Assuming the contrary, for any place v ′ of K ′ which lies above p 0 , we see that
Since B 0 was defined to have local invariant
and so v ′ ramifies in B ′ . However, by selection, p 0 does not lie below any prime in K ′ that resides in Ram(B ′ ). Having obtained a contradiction, we see that p 0 does not split completely over K ′ . In total, with a finite number of exceptions, if a rational prime does not split completely in K/Q then it does not split completely in K ′ /Q. Equivalently, if a rational prime splits completely in K ′ /Q then it splits completely in K/Q (with at most a finite number of exceptions). Via the same argument, with the roles of K and K ′ interchanged, we see that the set of rational primes splitting completely in K/Q coincides with the set of rational primes splitting completely in K ′ /Q with at most finitely many exceptions. The Chebotarev density theorem then implies that K = K ′ . Finally, as
A similar result was proven in the context of quaternion algebras defined over number fields with a unique complex place in [19, Thm 1.1]. Theorem 4.2 generalizes that result to division algebras of arbitrary degree.
PROOF OF THEOREM 1.6
We first note that the work of Prasad and Rapinchuk [29] shows that it suffices to obtain an upper bound on the number of isomorphism classes of division algebras defined over K which possess precisely the same set of maximal subfields as D. In particular, non-commensurable, length commensurable manifolds must arise from division algebras defined over K (i.e. the associated arithmetic lattices are commensurable with SL 1 (R) for a maximal order R in a division algebra D ′ over K). 
Moreover, it is straightforward to see that the second product is always greater than 10 −33 . It follows from Proposition 3.2 that
Theorem 1.6 is a direct consequence of (10) and the following proposition.
Proposition 5.1. For a fixed N ∈ N, let α ∈ N be such that 3 α ≤ N < 3 α+1 and let D be a division algebra over K such that
Proof. For ( Subject to the above reductions, we now deduce the upper bound by explicitly constructing a division algebra which maximizes Θ D . That will be accomplished by finding a cubic, division algebra D max that ramifies at as many places lying above the prime 2 as possible. We assume now that K is a number field such that 
To that end, we let λ v be a lambda factor for a place v ∈ Ram f (D) and construct a cubic, division algebra D ′ as follows: 
is precisely the lambda factor for a cubic, division algebra and a place lying over 2 for which d v = 3. For i > 4 we know that 2 i − 1
= 0, we see that 
GALOIS COHOMOLOGICAL BIJECTIONS
We extend the bijection in Theorem 1.1 to various Galois cohomology sets as well as maximal arithmetic lattices in inner forms of absolutely almost simple, Q-split algebraic groups.
6.1. Galois cohomology and forms of algebraic groups. We denote the ith Galois cohomology set with coefficients in the algebraic group G by H i (K, G) = H i (Gal(K/K), G) with the understanding that when G is not abelian we will only take i ∈ {0, 1}. For a number field K and an absolutely almost simple, K-split algebraic group G, we have a map H 1 (K, G) → H 1 (K, Aut K (G)) where G denotes the corresponding adjoint group. Twisting G by a class in H 1 (K, Aut K (G)) gives a K-form of G that is inner when the class is in the image of this map. In this section, we construct a natural bijection between H 1 (K, G) and H 1 (K ′ , G) which, after identification, gives the requisite bijection between inner K-forms of G with inner K ′ -forms of G.
It is well known that there is a group isomorphism between H 2 (K, K * ) and Br(K), and consequently a group isomorphism H 2 (K, µ n ) ∼ = Br n (K), where Br n (K) denotes the n-torsion in the Brauer group (see [22, 
We first construct a natural bijection between H 2 (K, Z) and H 2 (K ′ , Z). As G is absolutely almost simple and inner, we know that Z = µ n for some n or Z = µ 2 × µ 2 in the case of type D 2k (see [26, p. 332] ). For any type other than D 2k , there is a natural bijection Φ GC,n : H 2 (K, Z) → H 2 (K ′ , Z) for such Z. Thus there exists a corresponding η ′ = Φ GC,n (η) such that η ′ has image (η ′ v ′ ) under ι Z,K ′ . For type D 2k , we have Z = µ 2 × µ 2 , and so there is a natural isomorphism H 2 (K, Z) ∼ = H 2 (K, µ 2 ) × H 2 (K, µ 2 ). Furthermore that isomorphism is functorial in the sense that these maps also commute with the change of group maps. Additionally, the maps ι Z,K and ι Z,K ′ are injective for the above Z by class field theory. Hence we induce a bijection Ψ : H 2 (K, Z) → H 2 (K ′ , Z) enjoying the same naturality property. Specifically, if η ∈ H 2 (K, Z) and η ′ = Ψ(η), then (ϕ 2 • ι Z,K )(η) = ι Z,K ′ (η ′ ). The following is the main step in the construction of Φ Ad .
Claim 2.
There exists a unique ξ ′ ∈ (δ ′ ) −1 (η ′ ) such that ι G,K ′ (ξ ′ ) = ϕ 1 (ι G,K (ξ )) = (ξ ′ v ′ ). Momentarily assuming Claim 2, we prove of Theorem 6.2. By Claim 2, there exists a unique ξ ′ ∈ (δ ′ ) −1 (η ′ ) such that ι G,K ′ (ξ ′ ) = (ξ ′ v ). We define Φ GC (ξ ) = ξ ′ . As ι G,K ′ is injective, Φ GC is injective. Interchanging the roles of K, K ′ we see that Φ GC is surjective, completing our proof of Theorem 6.2.
